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Kova’$\check{c}$ik-Ra’kosn\’ik [34] Lebesgue Sobolev
1 Hardy-Littlewood $M$
Diening [10], Cruz-Uribe-Fiorenza-Neugebauer























( 38, [22], - [27, 28]).. Lebesgue
( 53, [23], Kopaliani [33]).. Lebesgue (
55, 57, [23] $)$ .
1. $f$ $\mathbb{R}^{n}$ $i\in \mathbb{Z},$ $k=(k_{1}, \ldots, k_{n})\in \mathbb{Z}^{n}$
$f_{j,k}(x)$ $;=$ $2^{jn/2}f(2^{j}x-k)$
$=$ $2^{jn/2}f(2^{j}x_{1}-k_{1}, \ldots, 2^{j}x_{n}-k_{n})$ $(x=(x_{1}, \ldots, x_{n})\in \mathbb{R}^{n})$
2. $\mathbb{R}^{n}$ $f$ Fourier
$\hat{f}(\xi):=\int_{Rn}f(x)e^{-ix\cdot\xi}dx$




3. $\langle\cdot,$ $\cdot\rangle$ $\mathbb{R}^{n}$ $L^{2}$-
$\langle f,$ $g \rangle:=\int_{Rn}f(x)\overline{g(x)}dx$ .
4. $S\subset \mathbb{R}^{n}$ $|S|$ Lebesgue $\chi_{S}$
5. $S\subset \mathbb{R}^{n}$ $\mathbb{R}^{n}$ $f$ $S$ $f$ $f_{S}$
$f_{S}:= \frac{1}{|S|}\int_{S}f(x)dx$ .
6. $\mathbb{N}_{0}$ $0$





9. $Q$ $(x_{1}, \ldots, x_{n})\in \mathbb{R}^{n},$ $r>0$
$Q= \prod_{\nu=1}^{n}(x_{\nu}-r/2, x_{\nu}+r/2)$
10. $j\in \mathbb{Z},$ $k=(k_{1}, \ldots, k_{n})\in \mathbb{Z}^{n}$ $Q_{j,k}$






1.1. $\psi^{l}\in L^{2}(\mathbb{R}^{n})(l=1,2, \ldots, 2^{n}-1)$
$\{\psi_{j,k}^{l}:l=1,2, \ldots, 2^{n}-1, j\in \mathbb{Z}, k\in \mathbb{Z}^{n}\}$ (1)





L2. 6 $L^{2}(\mathbb{R}^{n})$ $\{V_{j}\}_{j\in Z}$
:
1. $j\in \mathbb{Z}$ $V_{j}\subset V_{j+1}$ .





4. $j\in \mathbb{Z}$ $f\in V_{j}$ $f(2^{-j}x)\in V_{0}$
5. $f\in V_{0}$ $k\in \mathbb{Z}^{n}$ $f(x-k)\in V_{0}$ .
6. $\varphi\in V_{0}$ $\{\varphi(x-k)\}_{k\in Zn}$ $V_{0}$
$\varphi$ $\{V_{j}\}_{j\in Z}$
6. 5. 5. 5
3.
$\varphi$ $\{V_{j}\}_{j\in Z}$ $i\in \mathbb{Z}$
$P_{j}f:= \sum_{k\in Zn}\langle f,$
$\varphi_{j,k}\rangle\varphi_{j,k}$ $(f\in L^{2}(\mathbb{R}^{n}))$ (2)
$P_{j}$ $L^{2}(\mathbb{R}^{n})$ $V_{j}$ $V_{j+1}$
$W_{j}$ $\{\psi^{l} : l=1,2, \ldots, 2^{n}-1\}$
$j\in \mathbb{Z}$












1. Haar ([17]) $\varphi=\chi_{[0,1)}$
$\psi=\chi_{[0}$ ,1/2$)^{-}x[1/2,1)$
$\varphi$ Haar $\psi$ Haar











$supp\hat{\psi}\subset[-\frac{8}{3}\pi,$ $- \frac{2}{3}\pi]\cup[\frac{2}{3}\pi,$ $\frac{8}{3}\pi]$
























1.5. $r\in \mathbb{N},$ $f\in C^{r}(\mathbb{R}^{n})$ $m\in \mathbb{N}$ $C_{m}>0$
$|\alpha|\leq r$ $\alpha\in N_{0^{n}}$
$|D^{\alpha}f(x)|\leq C_{m}(1+|x|)^{-m}$ $(x\in \mathbb{R}^{n})$
$f$ $r$-
$r\in \mathbb{N}$ $r$- $\varphi$ $\{V_{j}\}_{J\in Z}$
$r$-
$\varphi$
$\varphi^{0}\in L^{2}(\mathbb{R})$ $\varphi^{1}$ $\varphi^{0}$ (3)
$E:=\{0,1\}^{n}\backslash \{(0,0, \ldots, 0)\}$
$\epsilon=(\epsilon_{1}, \epsilon_{2}, \ldots, \epsilon_{n})\in E$ $\mathbb{R}^{n}$








$i\in \mathbb{Z}$ $\{\psi_{j,k}^{\epsilon}:\epsilon\in E, k\in \mathbb{Z}^{n}\}$ $W_{j}$





$L^{2}(\mathbb{R}^{n})$ Daubechies $\{\psi^{\epsilon}\}_{\epsilon\in E}$ $\varphi$









1. $\{y_{j}\}_{j}^{\infty}=1$ $X$ Schauder $y\in X$
$c_{j}(y)\in \mathbb{C}(j\in \mathbb{N})$ $X$
$y= \sum_{j=1}^{\infty}c_{j}(y)y_{j}$ (7)







2.2. $\{y_{j}\}_{j}^{\infty}=1$ ’ $X$ Schauder $\Vert yj\Vert_{X}=1(j\in \mathbb{N})$




$\Vert y-\sum_{j=1}^{N}c_{\rho(j)}(y)y_{\rho(j)}\Vert_{X}\leq C\inf_{Nz}\Vert y-z\Vert_{X}$
$\Sigma_{N};=\{\sum_{\lambda\in\Lambda}\alpha_{\lambda}y_{\lambda}:\Lambda\subset \mathbb{N}$ , #A $\leq N,$ $\alpha_{\lambda}\in \mathbb{C}(\lambda\in\Lambda)\}$ .
2. $\{y_{j}\}_{j=1}^{\infty}$ $X$ $\# P=\# Q$
$P,$ $Q\subset \mathbb{N}$
$\Vert\sum_{j\in P}y_{j}\Vert_{X}\leq C\Vert\sum_{j\in Q}y_{j}\Vert_{X}$
Konyagin-Temlyakov [31, Theorem 1]









3.1. $w$ $1\leq p<\infty$ Lebesgue
$L_{w}^{p}(\Omega):=\{f$ : $\Vert f\Vert_{L_{w}^{p}(\Omega)}:=(\int_{\Omega}|f(x)|^{p}w(x)dx)^{1/p}<\infty\}$
$w(x)\equiv 1$ $(\Omega)$ Lebesgue $L^{p}(\Omega)$
Muckenhoupt $A_{p}$
Lebesgue $(\mathbb{R}^{n})$
. 31 [13,15,49,51], [6,40,41]. 32 [20,39,52], [1,14,22,27,28,35,50]
3.1 Muckenhoi $pt$ $A_{p}$
3.2. Hardy-Littlewood $M$
$Mf(x):= \sup_{Q}\frac{1}{|Q|}\int_{Q}|f(y)|dy$ $(f\in L_{1oc}^{1}(\Omega))$
$x\in\Omega$ $\Omega$ $Q$
33.
1. $1<p<\infty$ $w^{-1/(p-1)}\in L_{1oc}^{1}(\Omega)$
$[w]_{A_{p}(\Omega)}:= \sup_{Q}w_{Q}(w^{-1/(p-1)_{Q}})^{p-1}<\infty$ (8)
$\Omega$ $w$ $A_{p}$ $A_{p}$
$A_{p}(\Omega)$ (8) $\Omega$ $Q$
2. $\Omega$ $w$
$Mw(x)\leq Cw(x)$
$A_{1}$ $\mathfrak{h}\backslash ,$ $A_{1}$ $A_{1}(\Omega)$
10
30
3. $A_{\infty}(\Omega):=$ $\cup A_{p}(\Omega)$ $A_{\infty}(\Omega)$ $A_{\infty}$
$1\leq p<\infty$
3.4. H\"older $1\leq p\leq q$ $A_{p}(\Omega)\subset A_{q}(\Omega)$
$\mathbb{R}^{n}$ $|x|^{a}$ ( $a$ )
1 $1<p<\infty$ $\#\doteqdot$ , $|x|^{a}\in A_{p}(\mathbb{R}^{n})$ $\Leftrightarrow$ $-n<a<n(p-1)$ ,
2. $|x|^{a}\in A_{1}(\mathbb{R}^{n})\Leftrightarrow-n<a\leq 0$
$1\leq p<\infty$ $A_{p}$ Hardy-Littlewood $M$
Lebesgue
35. $\mathbb{R}^{n}$ $w$ :
1. $1<p<\infty$ 3 :
$(a)w\in A_{p}(\mathbb{R}^{n})$ .
$(b)M$ $(\mathbb{R}^{n})$ $f\in U_{w}(\mathbb{R}^{n})$
$\Vert Mf\Vert_{L_{w}^{p}(R)}n\leq C\Vert f\Vert_{L_{w}^{p}(Rn})$ .
$(c)M$ $(\mathbb{R}^{n})$ $f\in L_{w}^{p}(\mathbb{R}^{n})$ $\lambda>0$
$w(\{x\in \mathbb{R}^{n}:Mf(x)>\lambda\})^{1/p}\leq C\lambda^{-1}\Vert f\Vert_{L_{w}^{p}(Rn})$ .
2. 2 :
$(a)w\in A_{1}(\mathbb{R}^{n})$ .
$(b)M$ $L_{w}^{1}(\mathbb{R}^{n})$ $f\in L_{w}^{1}(\mathbb{R}^{n})$ $\lambda>0$
$w(\{x\in \mathbb{R}^{n}:Mf(x)>\lambda\})\leq C\lambda^{-1}\Vert f\Vert_{L_{w}^{1}(Rn})$ .
$A_{\infty}$
36. $\mathbb{R}^{n}$ $w$ 3 :
1. $w\in A_{\infty}(\mathbb{R}^{n})$ .
2. $0<\delta<1$ $Q$ $S\subset Q$
$\frac{w(S)}{w(Q)}\leq C(\frac{|S|}{|Q|})^{\delta}$ .
3. $0<\alpha<1$ $0<\beta<1$ $Q$ $|F|\geq\alpha|Q|$
$F\subset Q$






$Vf$ $:=$ $( \sum_{l=1}^{2^{n}-1}\sum_{j=-\infty}^{\infty}\sum_{k\in Zn}|\langle f,$ $\psi_{j,k}^{l}\rangle\psi_{j,k}^{l}|^{2})^{1/2}$ ,
$Wf$ $:=$ $( \sum_{l=1}^{2^{n}-1}\sum_{j=-\infty}^{\infty}\sum_{k\in Zn}|\langle f,$ $\psi_{j,k}^{l}\rangle\chi_{j,k}|^{2})^{1/2}$
37. $1<p<\infty$ $\mathbb{R}^{n}$ $w$ 4 :
1. $w\in A_{p}(\mathbb{R}^{n})$ .
2. $f\in$ $(\mathbb{R}^{n})$
$C^{-1}\Vert f\Vert_{L_{w}^{p}(Rn})\leq\Vert Vf\Vert_{L_{w}^{p}(Rn})\leq C\Vert f\Vert_{L_{w}^{p}(Rn})$ . (10)
3. $f\in U_{w}(\mathbb{R}^{n})$
$C^{-1}\Vert f\Vert_{L_{w}^{p}(Rn})\leq\Vert Wf\Vert_{L_{w}^{p}(Rn})\leq C\Vert f\Vert_{L_{w}^{p}(Rn})$ . (11)
4.
$\{\psi_{j,k}^{l}:l=1,2, \ldots, 2^{n}-1, j\in \mathbb{Z}, k\in \mathbb{Z}^{n}\}$
$(\mathbb{R}^{n})$ $f\in 1_{w}(\mathbb{R}^{n})$
$f= \sum_{l=1}^{2^{n}-1}\sum_{j=-\infty}^{\infty}\sum_{k\in Zn}\langle f,$ $\psi_{j,k}^{l}\rangle\psi_{j,k}^{l}$










3.8. $1<p<\infty,$ $w\in A_{p}(\mathbb{R}^{n})$ $(\mathbb{R}^{n})$
$\{\frac{\psi_{j,k}^{l}}{\Vert\psi_{j,k}^{l}||_{L_{w}^{p}(Rn})}:l=1,2,$
$\ldots,$
$2^{n}-1,$ $j\in \mathbb{Z},$ $k\in \mathbb{Z}^{n}\}$ (12)
$\Lambda\subset\{1,2, \ldots, 2^{n}-1\}\cross \mathbb{Z}\cross \mathbb{Z}^{n}$














4.1. $p(\cdot)$ : $\Omegaarrow[1, \infty)$ Lebesgue







$Po\in[1, \infty)$ $L^{p(\cdot)}(\Omega)$ Lebesgue $U^{0}(\Omega)$
$p(\cdot)$ : $\Omegaarrow[1, \infty)$
$p_{-}:=$ ess $inf\{p(x):x\in\Omega\}$ , $p_{+}:=$ ess $sup\{p(x):x\in\Omega\}$
$p_{-}>1$ $p+<\infty$ $p(\cdot)$ : $\Omegaarrow[1, \infty)$ $\mathcal{P}(\Omega)$
$p’(\cdot)$ $p(\cdot)$ $1/p(\cdot)+1/p’(\cdot)=1$
$U^{(\cdot)}(\Omega)$ [34]
42. $p(\cdot)$ : $\Omegaarrow[1, \infty)$
1. ( H\"older ). $p(\cdot)\in \mathcal{P}(\Omega)$ $f\in U^{(\cdot)}(\Omega)$ ,
$g\in U’(\cdot)(\Omega)$
$\int_{\Omega}|f(x)g(x)|dx\leq r_{p}\Vert f\Vert_{L(\Omega)}p(\cdot)\Vert g\Vert_{L^{p’(\cdot)}(\Omega)}$,
$r_{p};=1+1/p_{-}-1/p_{+}$ .
2. ( ). $f\in U^{(\cdot)}(\Omega)$
$\Vert f\Vert_{L^{p(\cdot)}(\Omega)}\leq\sup\{|\int_{\Omega}f(x)g(x)dx|:\Vert g\Vert_{L^{p’(\cdot)}(\Omega)}\leq 1\}\leq r_{p}\Vert f\Vert_{L^{p(\cdot)}(\Omega)}$,
$\sup\{|\int_{\Omega}f(x)g(x)dx|$ : $\Vert g\Vert_{L^{p’(\cdot)}(\Omega)}\leq 1\}$ $\Vert f\Vert_{L^{p(\cdot)}(\Omega)}$





4.3. $\mathcal{P}(\Omega)$ $p(\cdot)$ Hardy-Littlewood $M$
$U^{(\cdot)}(\Omega)$ $f\in L^{p(\cdot)}(\Omega)$
$\Vert Mf\Vert_{L(\Omega)}p(\cdot)\leq C\Vert f\Vert_{L^{p(\cdot)}(\Omega)}$ (14)
$B(\Omega)$
$\mathcal{B}(\Omega)$
44. $p(\cdot)\in \mathcal{P}(\Omega)$ 2
$|p(x)-p(y)|$ $\leq$ $\frac{C}{-\log(|x-y|)}$ $(|x-y|\leq 1/2)$ , (15)
$|p(x)-p(y)|$ $\leq$ $\frac{C}{\log(e+|x|)}$ $(|y|\geq|x|)$ (16)
$p(\cdot)\in \mathcal{B}(\Omega)$
Cruz-Uribe-Fiorenza-Neugebauer [8] 2 (15),
(16) log-H\"older $\Omega$ (15)
$p(\cdot)\in B(\Omega)$ Diening [10]
Nekvinda [43] $\Omega=\mathbb{R}^{n}$ (16)
2 (15), (16) Lipschitz $\mathcal{B}(\Omega)$
$p(\cdot)\in \mathcal{P}(\Omega)$
$|p’(x)-p’(y)| \leq\frac{|p(x)-p(y)|}{(p_{-}-1)^{2}}$
$p(\cdot)$ (15) (16) $p’(\cdot)$
$\Omega=\mathbb{R}^{n}$ Diening [11, Theorem 8.1]
$\mathcal{Y}$ $\mathbb{R}^{n}$
4.5. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$
(Dl) $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ .
(D2) $p’(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ .
(D3) $q\in(1,p_{-})$ $p(\cdot)/q\in B(\mathbb{R}^{n})$ .
(D4) $Y\in \mathcal{Y}$ $f\in L^{p(\cdot)}(\mathbb{R}^{n})$
$\Vert\sum_{Q\in Y}|f|_{Q}\chi_{Q}\Vert_{L(R)}p(\cdot)n\leq C\Vert f\Vert_{Lp(\cdot)}(Rn)$ .
15
35
Hardy-Littlewood 1 Lerner [37, The-
orem 1.1]
46. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ 2 :
1. $f\in\nu^{(\cdot)}(\mathbb{R}^{n})$
$\int_{Rn}\{Mf(x)\}^{p(x)}dx\leq C\int_{Rn}|f(x)|^{p(x)}dx$ . (17)
2. $p(\cdot)$
(14) (17)
4.6 2. $\Rightarrow 1$ . Lebesgue $M$




Cruz-Uribe-Fiorenza-Martell-P\’erez [7, Corollary 1.11]
47. $\mathcal{G}$ $(f, g)$ $p(\cdot)\in \mathcal{P}(\Omega)$ $q\in(1,p_{-})$
$(p(\cdot)/q)’\in \mathcal{B}(\Omega)$ $Po\in(1, p_{-})$
$w\in A_{p\text{ }}(\Omega)$ $f\in$ $(\Omega)$ $(f, g)\in \mathcal{G}$
$\Vert f\Vert_{L_{w}^{p_{0}}(\Omega)}\leq C_{0}\Vert g\Vert_{L_{w}^{p_{0}}(\Omega)}$
$C_{0}>0$ $n,$ $p_{0}$ $[w]_{A_{p_{0}}(\Omega)}$
$f\in U^{(\cdot)}(\Omega)$ $(f, g)\in \mathcal{G}$




$(1<p_{0}<\infty, w\in A_{p\text{ }}(\mathbb{R}^{n}))$
45 $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ $U^{(\cdot)}(\mathbb{R}^{n})$
Muckenhoupt $A_{p}$
45(D4) $Y=\{Q\},$ $f=f\chi_{Q}$ (D4)
16
36
(Al) $Q$ $f\in U^{(\cdot)}(\mathbb{R}^{n})$
$|f|_{Q}\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert f\chi_{Q}\Vert_{L^{p(\cdot)}(Rn})$ .
48. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ (Al) (A2)
(A2) $Q$
$\frac{1}{|Q|}\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(R)}n\Vert\chi_{Q}\Vert_{L^{p’(\cdot)}(Rn})\leq C$. (18)
(Al) (A2) $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ $\mathcal{A}(\mathbb{R}^{n})$
$\mathcal{B}(\mathbb{R}^{n})\subset \mathcal{A}(\mathbb{R}^{n})$
48 $Q$ $f\in U^{(\cdot)}(\mathbb{R}^{n})$ $(A1)\Rightarrow(A2)$
(Al) ( 4.2-2. )
$\frac{1}{|Q|}\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(R)}n\Vert\chi_{Q}\Vert_{L^{p’(\cdot)}(Rn})$
$\leq$ $C \cdot\frac{1}{|Q|}\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(R^{n})}\sup\{\int_{R^{n}}|f(x)\chi_{Q}(x)|dx:\Vert f\Vert_{L^{p(\cdot)}(R^{n})}\leq 1\}$
$\leq$ $C \sup\{|f|_{Q}\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(Rn})$ : lfll $Lp(\cdot)(Rn)\leq 1\}$









49. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ 3 ?
(Cl) $p(\cdot)\in \mathcal{A}(\mathbb{R}^{n})$ .
17
37
(C2) $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ .
(C3) Hardy-Littlewood $M$ $F$ $L^{p(\cdot)}(\mathbb{R}^{n})$ $(p(\cdot), p(\cdot))$
$\lambda>0$ $f\in L^{p(\cdot)}(\mathbb{R}^{n})$
$\Vert\chi_{\{Mf(x)>\lambda\}}\Vert_{Lp(\cdot)}(Rn)\leq C\lambda^{-1}\Vert f\Vert_{L^{\rho(\cdot)}(Rn})$ .
410. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ 49
1. $(C3)\Rightarrow$ (Cl) (C3) $Q$ $f\in$
$U^{(\cdot)}(\mathbb{R}^{n})$ $|f|_{Q}=0$ (Al) $|f|_{Q}>$
$0$ $\lambda=|f|_{Q}/2$ $|f|_{QxQ}(x)\leq M(f\chi_{Q})(x)$ $x\in Q$
$M(f\chi_{Q})(x)>\lambda$
$|f|_{Q}\Vert\chi_{Q}\Vert_{Lp(\cdot)}(Rn)$ $\leq$ $|f|_{Q}\Vert\chi_{\{M(f\chi_{Q})(x)>\lambda\}}\Vert_{L(\text{ })}p(\cdot)$
$\leq$ $|f|_{Q}\cdot C\lambda^{-1}\Vert f\chi_{Q}\Vert_{L^{\rho(\cdot)}(Rn})$
$=$ $C\Vert f\chi_{Q}\Vert_{Lp(\cdot)}(Rn)$ .
$p(\cdot)$ (Al)
2. Kopaliani [32] $p(\cdot)$ $(A2)\Rightarrow$ (Dl),
$(C1)\Rightarrow(C2)$ 3 (Cl), (C2), (C3)
3. Lerner [38] $p(\cdot)$
$p(x)=p(y)$ $(|x|=|y|)$ , $p(x)\geq p(y)$ $(|x|\leq|y|)$




411. $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ $0<\delta<1$ $Q$
$S\subset Q$
$\frac{||\chi_{S}||_{L^{p(\cdot.)}(Rn})}{||\chi_{Q}||_{L^{p()}(Rn})}\leq C(\frac{|S|}{|Q|})^{\delta}$ . (19)
18
38
411 Diening [11, Lemma 55]
412. $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ $0<\delta<1$ $Y\in \mathcal{Y}$
$|f|_{Q}>0(Q\in Y)$ $f\in L_{1oc}^{1}(\mathbb{R}^{n})$
$\Vert\sum_{Q\in Y}|\frac{f}{f_{Q}}|^{\delta}\chi_{Q}\Vert_{L(R)}p(\cdot)n\leq C\Vert\sum_{Q\in Y}\chi_{Q}\Vert_{L(R)}p(\cdot)n$ . (20)










4.15. $1\leq q<\infty$ $b\in BMO(\mathbb{R}^{n})$
$C^{-1} \Vert b\Vert_{BMO(R)}n\leq\sup_{Q}(\frac{1}{|Q|}\int_{Q}|b(x)-b_{Q}|^{q}dx)^{1/q}\leq C\Vert b\Vert_{BMO(R)}n$ .
415
4.16. $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ $b\in BMO(\mathbb{R}^{n})$
$C^{-1} \Vert b\Vert_{BMO(Rn})\leq\sup_{Q}\frac{1}{\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(Rn})}\Vert(b-b_{Q})\chi_{Q}\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert b\Vert_{BMO(Rn})$.
416 $Q$ $b\in BMO(\mathbb{R}^{n})$ H\"older
(A2)
$\frac{1}{|Q|}\int_{Q}|b(x)-b_{Q}|dx$ $\leq$ $C \cdot\frac{1}{|Q|}\Vert(b-b_{Q})\chi_{Q}\Vert_{L^{p(\cdot)}(R)}n\Vert\chi_{Q}\Vert_{L^{p’(\cdot)}(R)}n$




(20) $Y=\{Q\}$ $f\in L_{1oc}^{1}(\mathbb{R}^{n})$
$\Vert|f|^{\delta}\chi_{Q}\Vert_{Lp(\cdot)}(Rn)\leq C(|f|_{Q})^{\delta}\Vert\chi_{Q}\Vert_{L(R)}p(\cdot)n$
$f(x)=\{b(x)-b_{Q}\}^{1/\delta}\chi_{Q}(x)$ 415
$|f|_{Q}= \frac{1}{|Q|}\int_{Q}|b(x)-b_{Q}|^{1/\delta}dx\leq C\Vert b\Vert_{BMO(R)}^{1/\delta}n$ .
$\Vert(b-b_{Q})\chi_{Q}\Vert_{L^{p(\cdot)}(R)}n\leq C\Vert b\Vert_{BMO(R)}n\Vert\chi_{Q}\Vert_{L^{p(\cdot)}(R)}n$




[23] Kopaliani [33] (2)
$P_{j}(j\in \mathbb{Z})$ $\nu^{(\cdot)}(\mathbb{R}^{n})$ $L^{p(\cdot)}(\mathbb{R}^{n})$
. $\varphi$ 1- $\{\psi^{l}: l=1,2, \ldots, 2^{n}-1\}$
1-
. $\varphi$ 1 Haar $\{\psi^{l}:l=1,2, \ldots, 2^{n}-1\}$ $F$ Haar
$P_{j}(j\in \mathbb{Z})$
5.1. $p(\cdot)\in B(\mathbb{R}^{n})$ $j\in \mathbb{Z}$ $f\in U^{(\cdot)}(\mathbb{R}^{n})$




5.2. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ $i\in \mathbb{Z}$ $f\in U^{(\cdot)}(\mathbb{R}^{n})$
$|P_{j}f(x)|\leq CMf(x)$ .
52 [30, Lemma 2.8], [20, Chapter 5, Lemma 3.12]
$H\in L^{1}(\mathbb{R}^{n})$
$\sum_{k\in Zn}|\varphi(x-k)\varphi(y-k)|\leq H(x-y)$




53. $p(\cdot)\in \mathcal{B}(\mathbb{R}^{n})$ :
1. $f\in Ii^{p(\cdot)}(\mathbb{R}^{n})$
$C^{-1}\Vert f\Vert_{Lp(\cdot)}(Rn)\leq\Vert Vf\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert f\Vert_{L^{p(\cdot)}(Rn})$ , (22)
$C^{-1}\Vert f\Vert_{L^{p(\cdot)}(R)}n\leq\Vert Wf\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert f\Vert_{L^{p(\cdot)}(Rn})$ . (23)
2.
$\{\psi_{j,k}^{l}:l=1,2, \ldots, 2^{n}-1, j\in \mathbb{Z}, k\in \mathbb{Z}^{n}\}$
$L^{p(\cdot)}(\mathbb{R}^{n})$ $f\in\nu^{(\cdot)}(\mathbb{R}^{n})$


















55. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ 2 :
1. $i\in \mathbb{Z}$ $f\in U^{(\cdot)}(\mathbb{R}^{n})$
$\int_{Rn}|P_{j}f(x)|^{p(x)}dx\leq C\int_{Rn}|f(x)|^{p(x)}dx$ .
2. $p(\cdot)$
56. 52 55 46
$U^{(\cdot)}(\mathbb{R}^{n})$
5.7. $p(\cdot)\in \mathcal{P}(\mathbb{R}^{n})$ 2 :
1. $f\in U^{(\cdot)}(\mathbb{R}^{n})$






61( ). $1<p<\infty,$ $w\in A_{p}(\mathbb{R}^{n})$ $d>1$
$Q’\subsetneqq Q$ $Q,$ $Q’$
$dw(Q’)\leq w(Q)$ . (24)
[15, p. 141]
38 $1<p<\infty$ , $w\in A_{p}(\mathbb{R}^{n})$ 374.




$b_{j,k}^{l}(f):=\langle f,$ $\psi_{j,k}^{l}\rangle\Vert\psi_{j,k}^{l}\Vert_{L_{w}^{p}(R)}n$ 3.7-3. $\psi_{j,k}^{l}$
$C^{-1}\Vert\psi_{j,k}^{l}\Vert_{L_{w}^{p}(R^{n})}\leq\Vert W(\psi_{j,k}^{l})\Vert_{L_{w}^{p}(Rn})\leq C\Vert\psi_{j,k}^{l}\Vert_{L_{w}^{p}(R)}n$
$\Vert W(\psi_{j,k}^{l})\Vert_{L_{w}^{p}(R)}n=2^{jn/2}w(Q_{j,k})^{1/p}$
$\Vert f\Vert_{L_{w}^{p}(Rn})$ $\leq$ $C \Vert(\sum_{l=1}^{2^{n}-1}\sum_{j=-\infty}^{\infty}\sum_{k\in Zn}|w(Q_{j,k})^{-1/p}b_{j,k}^{l}(f)\chi_{Q_{j,k}}|^{2})^{1/2}\Vert_{L_{w}^{p}(R)}n$
$\leq$ $C\Vert f\Vert_{L_{w}^{p}(Rn})$ (25)
$Q=Q_{j,k}$ $\overline{\psi_{Q}^{l}}:=\psi_{j,k}^{l}/\Vert\psi_{j,k}^{l}\Vert_{L_{w}^{p}(R^{n})}$
$\Lambda\subset\{(l, Q_{j,k}):l=1,2, \ldots, 2^{n}-1, j\in \mathbb{Z}, k\in \mathbb{Z}^{n}\}$
$g:= \sum_{(l,J)\in\Lambda}\overline{\psi_{J}^{l}},$
$B:=\{Q_{j,k}$ : $l=1,2,$ $\ldots,$ $2^{n}-1$ $(l,$ $Q_{j,k})\in\Lambda\}$
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$\# B\leq\#\Lambda\leq(2^{n}-1)\# B$ (25)
$\Vert g\Vert_{L_{w}^{p}(Rn})$ $\leq$ $C \Vert(\sum_{(l,J)\in\Lambda}|w(J)^{-1/p}\chi_{J}|^{2})^{1/2}\Vert_{L_{w}^{p}(R)}n$
$\leq$ $C \{\int_{\bigcup_{J\in B}J},$ $( \sum_{J\in B}w(J)^{-2/p}\chi_{J}(x))^{p/2}w(x)dx\}^{1/p}$ . (26)
$x\in\cup J$ $J_{1}(x)$ $x$ $B$
$\sum_{J\in B}w(J)^{-2/p}\chi_{J}(x)\leq\sum_{r=0}^{\infty}w(J_{r})^{-2/p}$ (27)






$\int_{\bigcup_{\text{ ^{}\prime}\in B}J’}(\sum_{J\in B}w(J)^{-2/p}\chi_{J}(x))^{p/2}w(x)dx$
$\leq$














$=$ $\# B$ (30)
(26)$-(30)$
$\Vert g\Vert_{L_{w}^{p}(Rn})\leq C(\# B)^{1/p}\leq C(\#\Lambda)^{1/p}$ (31)
$f=g$ (25)
$\Vert g\Vert_{L_{w}^{p}(Rn})$ $\geq$ $C \Vert(\sum_{(l,J)\in\Lambda}|w(J)^{-1/p}\chi_{J}|^{2})^{1/2}\Vert_{L_{w}^{p}(R)}n$
$\geq$ $C \{\int_{\bigcup_{J\in B}J’}(\sum_{J\in B}w(J)^{-2/p}\chi_{J}(y))^{p/2}w(x)dx\}^{1/p}$ (32)
$x\in\cup Jt$
$J\in B$
$( \sum_{J\in B}w(J)^{-2/p}\chi_{J}(x))^{p/2}\geq w(J_{1}(x))^{-1}$ (33)
(27)$-(28)$





$C( \int_{\bigcup_{\text{ ^{}\prime}\in B}J’}\sum_{J\in B}w(J)^{-1}\chi_{J}(x)w(x)dx)^{1/p}$











1. $X\subset \mathcal{M}(\mathbb{R}^{n})$ Banach $\Vert\cdot\Vert$ : $\mathcal{M}(\mathbb{R}^{n})arrow$
$\mathbb{R}$ :
$(a)f\in\Lambda 4(\mathbb{R}^{n})$ $f\in X$ $\Vert f\Vert<\infty$
$(b)$ $f\in \mathcal{M}(\mathbb{R}^{n})$ $\Vert f\Vert=\Vert|f|\Vert$ .
$(c)0 \leq fi\leq f_{2}\leq\ldots,\lim_{jarrow\infty}f_{j}=f$ ’ $\Vert fi\Vert\leq\Vert f_{2}\Vert\leq\ldots$ $\lim_{jarrow\infty}\Vert f_{j}\Vert=$
$\Vert f\Vert$
$(d)|F|<\infty$ $F\subset \mathbb{R}^{n}$ $\Vert\chi_{F}\Vert<\infty$ .
$(e)|F|<\infty$ $F\subset \mathbb{R}^{n}$ $F$ $C_{F}>0$
$f\in X$ $\int_{F}|f(x)|dx\leq C_{F}\Vert f\Vert$ .
2. $X$ $\Vert\cdot\Vert$ Banach





26.3 ( ). $X$ $|$ Banach
$f,$ $f_{j}\in X(j\in \mathbb{N})$ $\lim_{jarrow\infty}f_{j}=fa.e$ . $g\in X$
$|f_{j}|\leq ga.e$ . $(j\in \mathbb{N})$ $\lim_{jarrow\infty}\Vert f_{j}-f\Vert=0$





5.3-1. 37 47 (22) (23)
$f\in C_{c}^{\infty}(\mathbb{R}^{n})$ 4.2-3. $C_{c}^{\infty}(\mathbb{R}^{n})$ $U^{(\cdot)}(\mathbb{R}^{n})$
(22) (23) $f\in L^{p(\cdot)}(\mathbb{R}^{n})$
5.3-2. $\mathcal{I}:=\{1,2, \ldots, 2^{n}-1\}\cross \mathbb{Z}\cross \mathbb{Z}^{n}$
$A\subset \mathcal{I}$
$S_{A}f:= \sum_{(l,j,k)\in A}\langle f,$
$\psi_{j,k}^{l}\rangle\psi_{j,k}^{l}$
2 :
(Ul) $A\subset \mathcal{I}$ $f\in L^{p(\cdot)}(\mathbb{R}^{n})$ $\Vert S_{A}f\Vert_{Lp(\cdot)}(Rn)\leq C\Vert f\Vert_{L^{p(\cdot)}(}$ ).
(U2) span $\{\psi_{j,k}^{l} :(l, j, k)\in \mathcal{I}\}$ $U^{(\cdot)}(\mathbb{R}^{n})$
(Ul) 53 $f\in U^{(\cdot)}(\mathbb{R}^{n})$
$\Vert S_{A}f\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert W(S_{A}f)\Vert_{Lp(\cdot)}(Rn)\leq C\Vert Wf\Vert_{L^{p(\cdot)}(Rn})\leq C\Vert f\Vert_{L^{p(\cdot)}(Rn})$ .
(Ul)
(U2) $\lim_{Aarrow \mathcal{I}}\Vert f-S_{A}f\Vert_{L^{p(\cdot)}(R)}n=0$
64 42-4. $\nu^{(\cdot)}(\mathbb{R}^{n})$ $\Vert\cdot\Vert_{L^{p(}}.)(Rn)$ Banach
$W(f-S_{A}f)\leq Wf$ $\Vert Wf\Vert_{Lp(\cdot)}(Rn)\leq$
$C\Vert f\Vert_{Lp(}.)(Rn)$ 6.3 $\lim_{Aarrow \mathcal{I}}\Vert W(f-S_{A}f)\Vert_{Lp(}.)(Rn)=0$







65. $\mathbb{R}^{n}$ $\{w_{t}\}_{t>0}$ $A_{\infty}$ $w_{t}$
$A_{\infty}$ 3.6 (9) $t$ $\beta$
Lerner [37, Lemma 21]
66. $\mathbb{R}^{n}$ $p(\cdot)$ 2
:








$Aimar-Bernardis$-Mart\’in-Reyes[1] 1 $K_{j}(x, y)(j\in \mathbb{Z})$
:
6.7. $\{K_{j}\}_{j\in Z}$ $\{l_{j}\}_{j\in Z}$
:
1. $0<l_{j+1}<l_{j}<\infty(j\in \mathbb{Z})$ .
2. $\lim_{jarrow\infty}l_{j}=0,\lim_{jarrow-\infty}l_{j}=\infty$ .
3. $i\in \mathbb{Z}$ $|x-y|<l_{j}$ $K_{j}(x, y)>C(l_{j+1})^{-n}$ .
2
55 1. $\Rightarrow 2$ . 1.
$\{l_{j}\}_{j\in Z}$ 67 $Q$ $t>0$
$0<\alpha<1$ $|F|\geq\alpha|Q|$ $F\subset Q$
$l_{j_{Q}+1}\leq|Q|^{1/n}<$ $x\in Q$
$|P_{j_{Q}}(t\chi_{F})(x)|$ $=$ $t| \int_{F}K_{j_{Q}}(x, y)dy|$
















57 1. $\Rightarrow 2$. 1.
$m\in \mathbb{Z}$
$f$
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